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Abstract 

Motivated by attempts to extend AdS/CFT duality to non-BPS states we consider 
classical closed string solutions with several angular momenta in different directions of 
AdS^ and . We find a novel solution describing a circular closed string located at a 
fixed value of AdS^ radius while rotating simultaneously in two planes in AdS^ with equal 
spins iS". This solution is a direct generalization of a two-spin fiat-space solution where 
the string rotates in two orthogonal planes while always lying on a 3-sphere. Similar 
solution exists for a string rotating in S^: it is parametrized by the angular momentum 
J of the center of mass and two equal SO{Q) angular momenta J2 = J3 = J' in the two 
rotation planes. The remarkably simple case is of J = where the energy depends on J' as 
E = a/ (2 J')2 + A (A is the string tension or 't Hooft coupling). We discuss interpolation 
of the E{J') formula to weak coupling by identifying the gauge theory operator that should 
be dual to the corresponding semiclassical string state and utilizing existing results for its 
perturbative anomalous dimension. This opens up a possibility of studying AdS/CFT 
duality in this new non-BPS sector. We also investigate small fiuctuations and stability of 
these classical solutions and comment on several generalizations. 
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1. Introduction 

Generalizing AdS/CFT duality to non-BPS string mode sector can be guided by 
semiclassical considerations, as suggested in [^|2[. Identifying classical solitonic solutions 
of AdS^ X sigma model carrying basic global charges is important in order to under- 
stand the structure of the full string theory spectrum. In general, the states belonging 
to representations of the isometry group SO{2,4) x SO{6) are expected to be classified 
by 6=3+3 charges corresponding to Cartan subalgebra generators, {E, Si, S2; Ji, J2, Js)- 
Here 5*1 and 5*2 are the two spins of the conformal group (labelling representations of 
5*0(4) isometry of subspace) and Ji are the three angular momenta of the isometry 
group. One may search for classical string solutions which have minimal energy for given 
values of the 5 charges, E = E{Si, S2, Ji, J2, Js)^ The importance of such solutions (in 
contrast to various other oscillating or pulsating solutions) is that having non-zero global 
charges simplifies identification of the corresponding dual CFT operators. 

Particular classical string solutions with special combinations of these charges were 
discussed in the past. Point-like string solution (geodesic) lying in AdS^ does not carry 
intrinsic spin. Geodesic running in can carry only one component of momentum in 
(e.g., J = Ji), and expansion of AdS^ x string theory near such geodesic was studied 
in m . Extended string solution describing folded closed string rotating in a plane in AdS^ 
carries single spin, e.g., S = Si [0,|2|. One can boost the center of mass of the string rotating 
in AdS^ along a circle of S^ getting a solution with two charges {S, J) 0]. Alternatively, 
one can construct a solution describing folded string rotating about a pole of S^ ; while 
it carries again only one component (say, J' = J2) of the iS'0(6) spin it is not equivalent to 
a point-like orbiting solution. I An interpolating solution with the three charges [S, J, J') 
was constructed in [0. One may think that while in general there should certainly be 
extended string solutions with more spins in either or both AdS^ and S^ spaces, they 
may be difficult to construct explicitly, and also their AdS/CFT interpretation may be 
unclear. Here we would like to point out that such more general solutions are actually 
easy to find in the special case when the two spins 5*1 , 5*2 in AdS^ or the two of the three 

^ The Casimir operators should be functions of these charges. In general, string theory "knows" 
about many other conserved charges, being integrable. Here we concentrate on most obvious local 
charges. 

^ The corresponding string vertex operators [^] as well as dual gauge theory operators should 
be different, with the "point-like" (BPS) one having minimal energy (dimension) for a given value 
of the angular momentum (R-charge). 
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angular momenta in (e.g., J2 and J3) are equal. The analytic form of the solution with 
Si = S2 = S turns out to be much simpler than in the single spin case of : it is a direct 
generalization of the flat-space solution describing circular string rotating simultaneously 
in the two orthogonal spatial planes with equal angular momenta. Such "self-dual" string 
always lies on an surface in Minkowski space, and thus it can be easily "embedded" 
into AdS^ space using global (or covering) coordinates. The string is positioned at a fixed 
value of the AdS^ radius p = po, being stabilized by rotation. Similar string solution exists 
for a more general class of 5-d metrics ds'^ = —g{p)dt^ + dp^ -f h{p)dVt^, but not in AdS^, 
or AdS^: to stabilize the circular string at a fixed value of p one needs at least two equal 
spin components.i 

We will show that this stationary solution is stable under small perturbations if the 
spins Si = S2 = S are smaller than a critical value. The energy E is an algebraic function 
of S. For a small-radius string having small S = <^ 1, i.e. located close to the center 
of AdS^, one finds the usual Regge trajectory relation, E = {^/X 45')^/^ -f .... For large 
string located close to the boundary of AdS^ we get E = 2S + ci{XS)^^^ + ... {S ^ 1). § 
The leading E = 2S behaviour is the same as for the single-spin folded string solution , 
but the subleading correction here is proportional to S^^^ instead of InS" in 0. 

Modulo the problem of instability of the two-spin solution at large S ^ \/A , it is 
natural to conjecture (see section 5) that the Euclidean gauge theory operator in that 
should be dual to this two-spin string state should have the form tr[$M(-Di + iD2)^{Ds + 
iD4)^^M] + where $m are SYM theory scalars. It would be interesting to find how 
its perturbative anomalous dimension A depends on large S. An interpolation formula 
suggested by the semiclassical analysis is A(S') = S + f{X)S^/^ + 5" ^ 1, where 
/(^)a<i = aiA + a2A^ + and /(A)a>i = X^^^[ci + + ...], As we shall see be- 
low (following a similar discussion in the single-spin case Q])? if oiie formally ignores the 
instability, the 1-loop string correction to the energy of the semiclassical 2-spin solution 
does scale with spin as S^^^. However, it seems implausible that a perturbative anomalous 
dimension may depend on the spin as a fractional power. We shall comment on this further 
in section 3. 

^ Note that a similar (but non-rotating) "winding" string configuration near the boundary of 
AdSs is stabilized by the Bmn flux ||7|. 

^ Interestingly, the power of A that multiplies a power of S in the semiclassical correction to 
ii^ — 25 is the same as the power of S only when it is equal to 1/3. One may speculate that a 
weak-coupling interpolation of this formula is then E — 2S = {1 + cXSy^^. 
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The AdS/CFT correspondence seems easier to establish in a different sector corre- 
sponding to the string solution carrying SO{6) spins, i.e. rotating in S^. Indeed, there 
exists a similar circular string solution with two equal angular momenta in S^: the ro- 
tating string moves on within 5'^, with the radius of the string or of being related 
to the value of J'. In addition, the center of mass of the string may be rotating along 
another circle of S^, leading to a particular string solution with all the three charges 
being non-zero {J^ = J, Ji = J2 = J')- In the most transparent case of J = when the 
string has maximal size (so that 2 J' > ) the energy turns out to depend on J' in a 
remarkably simple way: E = a/ (2 J')^ + A. While the solution with J = turns out to be 
unstable, there is always a non-trivial region of stability when J 7^ 0, and there are stable 
solutions with both J and J' being large compared to ||]. 

We suggest that the corresponding dual CFT operator (having minimal canonical 
dimension for given values of R-charges J and J2 = J3 = J') should be tr[($i -|-i$2)'^($3 + 
i$4)^ ($5 -|- ^$6)'^ ] + •••7 where dots stand for appropriate permutations of factors. For 
J = the above semi classical formula E{J') suggests that for large J' the anomalous 
dimension of such operator should be A = 2 J' -|- ^^^^ + .... We conjecture that /(A) should 
start with a A-term both at strong and weak coupling, and we propose to check this against 
known perturbative results. Another interesting direction is to consider the limit 



J ^ J' and relate the resulting expression for the energy to the dimensions of operators 
in the sector studied in |^]. 

The paper is organized as follows. In section 2 we first describe the two-spin closed 
string solution in flat space and then generalize it to AdS^ and spaces viewed as hyper- 
surfaces in i?^'^ and respectively. In section 3 we rederive the AdS^ solution and study 
it in more detail using explicitly the standard set of global coordinates in AdS^ space. In 
particular, we obtain the action for small fluctuations near this solution and flnd that the 
solution is stable only if the spin is bounded from above, S < a^/X , where a is of order 1. 

In section 4 we present a similar analysis of the solution. We also note that there 
exists a "combined" solution where string rotates in both AdS^ and and thus carries 
5 charges: = S2, J = Ji and J2 = J3. We observe that there are two branches of the 
solution with S = and J = with different dependence of the energy on J': one for 
J' < ^^/X and another for J' > . The solution with J' < ^VX is found to be 

stable for J' < ^/X | , while the solution with large J' and J = turns out to be unstable. 
Given that there are more general stable solutions with both J' and J being large H, we 



shall assume that the instability may not preclude one from using the remarkably simple 
solution with J = 0, J' ^ a/A in the context of the AdS/CFT duality. For example, 
there may exist a more complicated (e.g., pulsating) solution with the same quantum 
numbers J = 0, J' 7^ whose basic features like energy dependence on J' are the same 
as of our simple solution. With this motivation in mind we comment on the form of the 
1-loop sigma model correction to the energy, and conjecture about the existence of an 
interpolation formula for E{J', X). 

In section 5 we discuss the structure of the (Euclidean) CFT operators which should 
be dual to the semiclassical two-spin states. We mention, in particular, that the 1-loop 
results of [^|lOl may be used to check our conjecture that the anomalous dimension of the 
scalar SYM operator with J = 0, J2 = J3 = J' (with lowest dimension above the BPS 
bound) should scale with J' 1 as A = 2 J' + jjj + ... not only at strong but also at weak 
coupling. Section 6 contains some remarks on generalizations and open problems. 

In Appendix A we give some details of the stability analysis for both the AdS^ and 
solutions (this will be discussed in more detail in 0). In Appendix B we derive the 
quadratic fermionic part of the AdS^ x Green-Schwarz action that supplements the 
bosonic fluctuation actions in sections 3 and 4. The total action should be the starting 
point for a computation of 1-loop corrections to the energies of our solutions following 0] . 
We check, in particular, that the fermionic mass matrix contribution to the logarithmic 
divergences cancels against the bosonic one, in agreement with the conformal invariance 
of the AdS^ x superstring sigma model action. In Appendix C we sketch the derivation 
of the bosonic fluctuation actions in the conformal gauge, and check consistency with 
the static gauge results for the fluctuation actions used in sections 3 and 4. Appendix 
D contains standard facts about relation between Young tableau and Dynkin labels of 
representations of SU{4) group which is used to identify the operators on the gauge theory 
side. 

2. Two-spin solution in fiat space and its AdS^ or generalizations 
2.1. Flat case 

Let us start with closed bosonic string solutions in flat Minkowski space. In orthog- 
onal gauge, string coordinates are given by solutions of free 2-d wave equation, i.e. by 
combinations of e^'^^'^^"'\ subject to the standard constraints X"^ + X'"^ = 0, XX' = 0. 
Let us consider, in particular, a closed string (with its center of mass at rest at the origin of 
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the cartesian coordinate system) which is rotating in the two orthogonal spatial planes 12 
and 34. From the closed string equations on a 2-cylinder (T,a = a + 27r) with Minkowski 
signature in both target space and world sheet one finds 

Xq = kt , X = Xi + iX2= ri(a) e''^^^^ , Y = X3 + iX^ = r2(a) e'^^") , (2.1) 

(j) = mr , (fi = n2T , ri = ai sin(nicr) , r2 = a2 sm[n2{cr + ao)] . (2.2) 

Here ctq is an arbitrary integration constant, and rii are arbitrary integer numbers. In what 
follows we assume that rii are positive. The relation between ai,ni and n follows from the 
conformal gauge constraint: 

2 2 2,22 /o o^ 

At = nitti + 71302 . (^-"jj 

The energy and the two spins are 

1 , .V n 



E=i^ daXo = -. (2.4) 
Zna' Jq a' 



i.e. 

E=J^{niSi + 71282) . (2.6) 
V a 

To get the states on the leading Regge trajectory (having minimal energy for given values 
of the spins) one is to choose rii = n2 = 1. 

While for a special solution in ( |2.2| ) with ctq = the string is folded, for generic values 
of (To it has the form of an ellipse. Another remarkable special case is when n2(To = ^, i.e. 
when \X\ ~ sin cr but |y| ~ cos a, and 

m = n2 = n , ai = a2 = —j=- . (2.7) 

v27i 

Then the string becomes circular and, while rotating, it always lies on in space 
formed by {Xi, X2, Xs, X4). Indeed, the radius in i?^ then remains constant 

|X(r, a)p + |y(r, cr)p = Xf + X| + X| + ^1 = ^ ■ (2-8) 
In this case the two spins are equal 



Thus, the X ^ Y symmetric circular string rotating in the two orthogonal planes and 
corresponding to a state on the leading Regge trajectory (ni = 77-2 = 1) is described by 
the following solution 

Xo = KT , Xi + iX2 = ^ sina e'^ , Xs + iX4 = ^ cos a e'"^ . (2.10) 

V 2 V 2 

The crucial observation is that such solution can be easily generalised to a solution de- 
scribing a string rotating in any homogeneous space containing S^, in particular, AdSn or 
S"" with n > 5. 
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2.2. AdSr^ case 

Indeed, let us consider the AdS^ space described as a hypersurface in 6-dimensional 
space i?^'*: 

XmXm = VmnX^X"" = -Xl - Xl + Xl + X| + Xl + X| = -1 . (2.11) 
The corresponding string sigma model Lagrangian is (A is a Lagrange multiplier field) 

/ = j drda L, L = ^^Xm^^Xm + ^{XmXm + 1) • (2.12) 

The equations of motion in the orthogonal gauge then are 

-d'^XM + AXm = , XmXm = -1 , A = daXMd'^XM , (2.13) 

Xm^m + X'j^X'jy^ = , XmX'^j = . (2.14) 

A special class of solutions of these non-linear equations is characterised by the property 
A = const. It is natural to organize the six coordinates Xm into the three 2-planes or 
complex lines, 

W = X^ + iXo, X = Xi + iX2, Y = X^ + iX^, |PFp-|A:|2-|y2| = 1 _ (2.15) 

Then it is easy to check that the following configuration is an example of the solution of 
(CT ) ,( CT) with A = k2 = const (cf. (|2T0D)I 

W = coshpo e'^'' , X = sinhpo sincr e'^^ , Y = sinhpo cos a e'^^ , (2.16) 

where po and u are related to k as follows 

Lv'^ ^ K,^ + 1 , sinh^ Po = J/t^ • (2.17) 

Notice that the expressions for X and Y look exactly the same as in the fiat space solution 
( PH^ ). Indeed, since = cosh^ p^^l + n"^ the AdS5 constraint - -\Y^\^l 
is automatically satisfied. 

^ It would be interesting to find other solutions with A = const. It might even be possible to 
classify all such solutions. 
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This solution describes a circular closed string rotating in the 12 and 34 planes in 
the global AdS^ time t = kt. It will be rederived in the next section using explicitly the 
standard set of global AdS^ coordinates {t, p, 9, (p, if) related to Xm as follows: 

T^ = coshpe^*, X = sinhp sin6' e^"^ , y = sinh p cos 6* e^"^ . (2.18) 

It is clear that the string described by this solution has equal angular momenta in the 12 
and 34 planes. In this i?^'^ embedding representation it is easy to identify the charges of the 
isometry group 5*0(2,4) of AdS^ that are non-vanishing on this solution. In general, the 
15 rotation generators Jmn of 50(2,4) can be related to the conformal group generators 



as follows (see, e.g., [|TT 



V = M^, , J^^ = ^iK^-P^) , J^^ = ^{K^ + P^) , J54 = D, (2.19) 

where /x, i/ = 0, 1, 2, 3. We can identify the standard spin with = M12 = J12, the second 
(conformal) spin with 5*2 = J34 = ^{K^ — P3), and finally the rotation generator in the 05 
plane with the global AdS^ energy, E = J05 = ^{Kq + Pq)-^ In the present case the only 
non- vanishing charges are J50 and J12, J34, i.e. the energy and the two spins 

E ^y/X + , S=Si = S2 = ]VX k^^k^ + 1 . (2.20) 

The three Casimir operators of 50(2,4) are then expressed in terms of k. Note also that 
E'^ - (25)2 = (|ac^ + ^2) > 0. For smaU k we get E ^ \/4^/X 5, i.e. the usual Regge 
trajectory relation, while for large k we have ~ 25 = 5i + 52, similar to the single-spin 
case in [Q. 

It may be worth stressing the following point. We consider classical string solutions 
with large angular momenta. In quantum theory such a classical solution should correspond 
to a vector of an irreducible representation labeled by the charges which would then be 
(half-) integer. Since on our clasical solutions Si and 52 (and E) are the only nonvanishing 
charges among the relevant generators Jmn, we may use them to label representations of 
the 50(4) = SU{2) x SU{2) subgroup of the conformal group 50(2,4). Assuming that 
5i > 52, the usual labels ji and 22 of SU(2) x SU(2) can be expressed in terms of 5i 



^ After the Euclidean continuation Xq iXoE and mapping to i? x 5'^ it is natural to classify 
the representations of the conformal group in terms of maximal compact subgroup SO {4) x 50(2), 
or SU{2) X SU{2) x 50(2). Exchanging Xqe with X4 exchanges the generator J54 = D with 
Jo5 = ^{Po + Ko)=E. 
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and 5*2 as 2ji = + 5*2, 2j2 = Si — 5*2.0 Moreover, the fact that only Si and 52 do 
not vanish means that in quantum theory the corresponding quantum state should be the 
highest weight vector of an 50(4) representation. A similar remark will apply to the case 
of solutions with angular momentum in 5^ we study below: a similar relation will exist 
between the only non- vanishing 50(6) charges Ji = ( J12, ^34, ^se) which are directly (up 
to permutations) related to the Young tableau labels, and the Dynkin labels of SU{4) 
representations. 

2.3. 55 case 

Let us now consider an 5^ analogue of the flat-space solution ( |2.1| ). Here all is similar 
to the AdSs case, apart from the fact that the decoupled time coordinate t is introduced 
in addition to the 5^ directions Xa 

XaXa = xf + ... + xl = + + |y|2 = 1 , 

Z = Xi + zX2 , X = X3 + , y = X5 + iXe . (2.21) 

The relation to the standard 5 angles (7, 1/', </^'2, </?3) of 5^ is 

Z = COS7 e*"^^ , X = sin 7 cos 7/^ e*^^ ^ y = sin7 sin?/; e*'^^ . (2.22) 
A particular solution of the 5^ sigma model equations (which are the direct analogues of 

(gjl),(|jl)) is (cf. (Eig),(ETi)) 

t = , Z = COS70 e'""^ , X = sin 70 coscr e**^ , Y = sin 70 sin cr e^^^ , (2.23) 

where A = i/^ and k and u are independent parameters while the constants 70 and w are 
expressed in terms of them (cf. ( |2.17| )) 

= 1 + ^ sin^ 70 = 1(^2 _ ^^2^) _ ^2.24) 

Here the energy of the solution is i? = a/A k, and in addition we have 3 non-vanishing 
components of the 50(6) angular momentum tensor Jab '■ 

Ji = J12 , J2 = -^34 , J3 = J56 : 

^ The charges Si and 5*2 are, in fact, directly related to the Gelfand-Zeitlin labels of represen- 
tations of 50(4). 
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J= Jl =V^ u[l-hK^-P^)] , = = = lv/A(ft2-i.2) ^1,2 + 1 . (2.25) 

This solution describes a circular closed string rotating (with equal speeds) in the two 
planes in within S^, with its center of mass orbiting along the orthogonal circle of S^. 
When embedded into AdS^ x 5"^ it will be located at the origin p = of AdS^. We shall 
return to the discussion of this solution in section 4.1. 
Notice that ( |2.24| ) implies the bound 



+ 2 . (2.26) 

One limiting case is k = u when the string is point-like and has no spin J', i.e. moves 
along the geodesic discussed in |1|] and thus has E = J. The other is z/^ = — 2 so that 
> 2. i Here J = and the string has maximal size (70 = f ), while the energy and the 
two equal SO{6) angular momenta Ji, J2 take values 

J' = - 1 > Iv^ , E = \^K= V(2 J')2 + A > V2X . (2.27) 

This expression for E{J') is very simple and interesting, and we shall return to the discus- 
sion of it in sections 4.2 and section 5. 

Another special case with J = is = 0: here < 2 and w = 1 so that 



J' = 1v^k2 < , E=\U^J' < V2X . 



4- - 2- - ' - V--.-- - (2.28) 

Remarkably, here the dependence of the energy on the 5*0(6) spin is exactly the same 
as for the leading Regge trajectory in flat space! This is not too surprising since the 
corresponding string solution (|2.23| ) is then the direct embedding of the flat space solution 



( p.lOp into the part of (note that the Lagrange multiplier A in the analog of 
( ^.13|) vanishes when u = and so Xm satisfy the flat-space equations of motion). 

One can also construct more general multi-spin solution which has all 5 charges being 
non- vanishing - Si = S2 in AdS^, and J = Ji and J2 = J3 in S^. It will be given by 
a direct combination of ( |2.16|) and (|2.23| ) with the parameters k, i/, poi7o related by the 



conformal gauge constraint as — i''^ + 2sinh^po + 2sin^7o. The expressions for the 



Here one cannot take the flat-space limit in which k ^ 0. 
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SO{2,4) X S0{6) charges are essentially the same as in (|2.20| ) and ( |2.25|) , i.e. (see also 
section 4.2) 



E = y/X cosh^ Po , S = Si = S2 = tta/A sinh^ po a/k^ + 1 , 
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^2.29) 



J = Ji = VX cos^ 70 , J' = J2 = J3 = sin^ 70 + 1 . (2.30) 

The parameters po, z^, 7o and thus k can be expressed in terms of S, J and J', giving the 
general expression for the energy E = E{S, J, J'). 

One can also study other similar multi-charge solutions, like an interpolation between 
the J, J' solution on 5"^ and the single-spin 7^ 0, 5*2 = solution in AdS^ (in this 
case the radial coordinate p will no longer be constant). Then one will find E = E{Si, J, J') 
which will be a generalization to J' 7^ of the expression obtained in P,ffl. 



3. Two-spin solution in AdS^ in global coordinates and stability 

Here we shall rederive the AdS^ two-spin solution starting from a more general ansatz 
with two unequal rotation parameters and then study small fluctuations near the resulting 
solution. 

The string action in AdS^ written in the conformal gauge in terms of independent 
global coordinates x"^ is 

/ = / d'^ Gi^f^Hx)d^x-d'^x- , (3.1) 

47r J a 

Here = (r, a), u = cr + 2n. We shall use the Minkowski signature in both target 
space and world sheet, so that in conformal gauge ^—gg""^ = Vj""^ =diag(-l,l). The equa- 
tions of motion following from the action should be supplemented by the conformal gauge 
constraints. 

We shall use the following explicit parametrization of the (unit-radius) AdS^ metric 
(related to the embedding coordinates of the previous section by ( p.l8|) ) 

{ds'^)AdS., = G';^f'\x)dx'^dx'' = - cosh^ p dt^ + dp^ + sinh^ p dQs , (3.2) 

d^s = d9^ + sin^ 9 d(p^ + cos^ 9 dip'^ . (3.3) 
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This metric has translational isometries in t, 0, (p so that a general string solution should 
possess the following three integrals of motion: 

p2tt 7 

E = Pt = VX — cosh^ pdot = VX£, (3.4) 
Jo 27r 

51 = = / — sinh^ p sin^ e do(p = VXSi , (3.5) 

Jo 27r 

52 = P^ = V\ — sinh^ p cos^ ^ ao<^ = VA ^2 . (3.6) 

Jo 271 

The first integral is the space-time energy, and the second and third ones are the spins 
associated with rotations in and Lp. 

3.1. Solution 

Our aim is to look for a solution describing a closed string rotating in both cf) and Lp, 
thus generalizing the single-spin solution of A natiiral ansatz for such a solution is 

t = KT , (p = U(j)T , (p = U^pT , K, U^, 00^ = COUSt , 

p = p{a) = p{a + 271) , 9 = 9{a) = e{a + 2iv) , (3.7) 

where p and 9 are subject to the corresponding second-order equations (prime denotes 
derivative over a) 

p" = sinh p cosh p {k^ + 9'"^ — uj"^ s\v? 9 — cos^ 9) , (3.8) 

(sinh^ p9')' = -{ujI- uol) sinh^ p sin 29 . (3.9) 
The first of the conformal gauge constraints 

G^^f'^\x){x'^x'' + x'^^x"") = , Gi^^^'^\x)x'^x"' = , (3.10) 

then implies that p{a) and 9{a) must satisfy the following 1-st order equation 

p'^ + sinh^ p 9'^ = cosh^ p — sinh^ p (a;^ sin^ 9 + uj'^ cos^ 9) . (3-11) 

Unfortunately, we do not know how to solve the system of non- linear equations (|3.8|) , (|3.11|) 
for generic values of the frequencies uj^p and a;^, so in what follows we shall assume that 
the frequencies are equal: 

= ijj^ = uj . (3.12) 
11 



Then (p?9|) implies 



6' = 2 — 5 c = const. (3.13) 

sinh p 

The special solution of (|3.9D with c = 0, i.e. = const leads us back to the single-spin case 
of [0,0]: one can make a global S0{3) rotation (or redefinition of ^, (f) to put the rotating 
string in a single plane. If one assumes that 9' ^ 0, one can show by a detailed analysis 
that there exists no solution to (p.8| ) ,( pTT|) with non-constant p, i.e. one must set i 

p{a) = po = const . (3-14) 

Then the equations ( |3.8| ) and ( |3.11| ) take the form 

The solution to these equations is given by 

e = na, = sinh^o , = 7X^(1 + 2 sinh Vo) = + • (3.16) 

Here n is an arbitrary integer representing how many times the string "winds" around the 
^-circle (cf. (|2.18|) ). The parameter po determines the radius (sinhpo) of a circular string 
rotating in S^. It is remarkable that one needs two rotation parameters to be non-zero in 
order to stabilize the size of the string at fixed value of the AdS^ radius p. 
In what follows we shall consider the case of (cf.( |2.17D ) 



n 



1, i.e. K = V2sinhpo, lv^ = + 1 . (3.17) 



In the fiat space limit {k — 0, po ^ 0) this corresponds to a state on the leading Regge 
trajectory, i.e. having minimal energy for a given spin. The dependence on the "winding 
number" n can be easily restored in all the equations below. 



The integrals of motion (3^), (3^), ( p.6|) on this solution are given by the same 
expressions as in ( |2.20| ) (we consider the values rescaled by the string tension y/X as 
defined in (|3),(|;|),(|;|)) 

£^ = K cosh^ Po = '^(l + 7^/^^) ) (3.18) 



Using ( 3.13| ) we get from ( p.ll| ): p'^ = — V(p) , ^(p) = ^^^'^^^^ ^ — cosh^ p + o;^ sinh^ p 



From the form of the effective "potential" V in this equation one finds that one cannot satisfy the 



closed string periodicity condition in o (3/7) unless p is fixed to be at zero of V . 
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Si = S2 = S , S = -uj sinh^ po = - ^/ k,^ + 1 , (3.19) 

One can easily solve the cubic equation for function of S to find the dependence 

of S on S. In the case of a small string with po 0, k ^ (i.e. a string near the center 
of AdS^) we get 

S = V4S[1 + S + 0{S'^)] , (3.20) 

This is the usual Regge trajectory relation in flat space plus the first correction due to the 
curvature of AdS^. In the case of a large string with po ^ 1, k ^ 1 (i.e. a long string 
close to the boundary of AdS^) we get 

£ = 25 + ^(45)^/3 + 0(5-^/3), 5>1. (3.21) 

Note that here the first correction to £^ — 25 goes as 5^/^, which is different from the 
In 5 behavior in the single-spin (folded rotating closed string) case in [Q. However, as we 
explain in the next section, the solution with large 5 turns out to be unstable. 

3.2. Fluctuations, stability and 1-loop correction 

To compute the quadratic action for fluctuations near the above solution it is useful 
to start with the Nambu-Goto analog of the action ( p.l|) and choose the static gauge 

t = KT , e = a . (3.22) 

Let us note that the induced metric on our solution is flat: 

ds2 = sinh^ po {—dr'^ + da"^) 

Shifting the remaining three fields away from their classical values 

P Po + P 1 (j) LVT + (j) , (f ^ LJT + (p , (3.24) 

and expanding the Nambu-Goto action up to the second order in the fiuctuation fields, we 
get the quadratic Lagrangian for the fiuctuations p, and 

L = -^idaP? - \ cos^ a k2[1 + cos^ a (1 + K')](a„<^)2 

- ^sin^o- + sin^ a{l + K^)]{da4>)'^ - -cosVsinV k^{1 + K^)da4>d''^ 
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(3.23) 



+ 2^k'^{1 + k2)(2 + K^)p{doificos'^ a + do(j)sm^ a) + {2 + K^)p'^ . (3.25) 
This Lagrangian takes simpler form after making the following change of variables (</), Lp) — > 

a = a {(fi cos^ cr + (p sin^ cr) , (3 = h sin 2a {(p — (fi) , (3.26) 

~ a (3 ^ a (3 

0=- + — tana, tp = — cot cr, (3.27) 

a 2b a 2b 

a=4-\/2 + «2 , ^=-4-- (3-28) 

v2k v2k 

An apparent singularity of the transformation ( |3.26|) at cr = 0, ^, TT,^ is not physical 
because it is a reflection of the obvious coordinate singularity of the AdS^, metric ( |3.2p ,(|Xi 
at ^ = 0, ^, 7r, -^.0 In terms of the new flelds ( |3.25| ) takes the following simple form 

L = -^ida-pf -lidaaf -lidaPf 



+ 2y/2{l + K^)doa p - 2^2^K^dxa /3 - 2(1 + k^)/^^ + (2 + K^)f . (3.29) 
The Lagrangian ( |3.29| ) can be rewritten as (omitting total derivative) 

L = ~{DaVn^ - ^MsrVW , DaV' = daV'+A^Vr , = (P: C^. P) , (3-30) 

A'^P = -^g" = v/2(l + «:2) , Af = -A?" = ^/2 + K^ , 

MsrV'v"^ = -2/5^ + K^ct^ ^ ^2 + , (3.31) 

where the 2-d non-abelian SO{3) gauge fleld A"^^ has a constant but non-vanishing fleld 
strength Fq^ = a/2(1 + k^)(2 + k"^). It is remarkable that in spite of the r and a depen- 
dence of our background solution, the fluctuation action is quite simple, having constant 
coefficients; in particular, it is simpler than the corresponding action in the one-spin case in 



This transformation has a very simple interpretation in terms of fluctuations of the complex 
fields X and Y in (2.18): expanding near their classical values ( p. 16 ) in the static gauge where 
9 is not fluctuating and ignoring fluctuations of p we get: X = ^sinhpo sin a e*'^^ (f), Y = 
isinh/Oo cos a e*'^^ (p. Then a, (3 expressed in terms of X and Y take the form (at each given r) 
of an 0(2) rotation with angle a. 

While to cover S'^ once one is usually assuming < < ^ with and (p changing from to 
27r, here to embed the closed string in 5"^ at each fixed moment of time (3/7) we need to consider 
9 in the interval from to 27r. 
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1^ . The absence of explicit dependence on a will allow us to solve the linearized equations 
of motion for the fluctuations. 

Note that the radial fluctuation p has a negative mass term in (|3.31| ), suggesting an 
instability (the Hamiltonian corresponding to ( |3.30| ) is not positive deflnite). However, 
since it is coupled to a gauge field (i.e. is mixing with other fiuctuations) the latter may, in 
principle, stabilize the p evolution.0 Thus the stability issue needs to be carefully studied. 
This is done in Appendix A. It is found there that the solution is stable only for a certain 
range of values of k, i.e. for not very large values of S (see (|3.19|) ) 

0<k2<^, i.e. 0<5<^y|. (3.32) 

Note that for the maximal value of S, i.e. S ~ 1.17 the value of the spin S = \/X S is still 
large since in the semiclassical approximation it is assumed that ^ 1. 

It is of interest to compute the 1-loop superstring sigma model correction to the 
energy of the two-spin solution. In principle, it can be done following the same approach 
as was used in Q in the single-spin case. It is straightforward to supplement ( p.29|) with 
the Green-Schwarz quadratic fermionic term as in [|T^,|^ (see Appendix B). The fermionic 
contribution cancels the 2-d logarithmic divergence coming from the mass term in ( |3.30| ) 
(which is proportional to "^^Mrr = 4:k'^). If we ignore the instability of the solution for 



large k and formally consider the limit k ^ 1 in (|3.29|) we will get 



L ^^^^ ^ ~{dapf -^(daa)^ -^{daPf + 2V2Kdoa p- 2Kdia/3 -2k.^ (3^ + k,'' p^ . (3.33) 

Since k is the only non-trivial parameter in ( |3.33| ), the 1-loop correction to the energy on 
the 2-d cylinder is expected to scale as k (see the discussion [^). That would imply that 
the large S expansion of the energy in ( |3.21|) is corrected at the one loop order by (cf. 
( P.19|) ) £i ~ ~ -^^iS^/"^, S ^ 1. This may be consistent with the following conjecture 
for the general behaviour of E{S, A) 

E^2S+[h{X)+f{X)S]^/^ + ..., 5>1, (3.34) 

where 

/(A),>,, = A(co + ^ + -) . = A(6o + 6iA + ...) . (3.35) 



""■^ Examples of similar situations are a charged (inverted) harmonic oscillator in a magnetic 
field, and a "tachyon" mode in AdS space. 
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We caution, however, that the instabihty of the solution for large k or large S may preclude 
interpolation from strong to weak coupling in the large spin limit. One could still hope 
that since the solution with large S should evolve into a solution which will still carry the 
same spin, one may still find the classical energy behaving with spin as in ( |3.21D . However, 
one may not be able then to compute the sigma model loop corrections to the energy in a 
reliable way. 



4. Multi-spin string solutions in AdS^ x 

Let us now find a similar rotating string solution in and its generalizations having 
spins in both AdS^ and factors. This was already discussed in terms of the embedding 
coordinates in section 2. Here we will rederive these solutions in terms of angles of and 
study some of their properties in more detail. 

The bosonic part of the AdS^ x string action is 




We shall use the following explicit parametrization of the unit-radius metric on S^: 

(^5^)55 = Glf\y)dyPdy'i = d-f^+cos'^ 7 dipl+sin^ 7 (d^^+cos^ i/j difl+sin^ i/j dipj) . (4.2) 

This metric has three translational isometries in cpi, so that in addition to the three AdS^ 
integrals of motion (pl^ ) ,(^?5| ) ,( |3.6|) , a general solution should also have the following three 
integrals of motion depending on the part of the action: 

1-217 

Ji=P^, = \^ — cos^ 7 do^i = V\Ji, (4.3) 
Jo ^71" 

J2 = P^, = / — sin^ 7 cos^ 1/; dQip2 = \^J2, (4.4) 

Jo ^TT 
/■27r 

J3 = P^3 = / — sin^ 7 sin^ ^ doifs = V\ . (4.5) 
Jo 
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4.1. Circular string rotating in 

Let us look for a solution describing a closed string located at the center p = of 
AdS^ and at a fixed value of one of the angles 7 = 70 = const, rotating within part 
of 5'^ (with equal frequences as in the AdS^ case), with its center of mass orbiting along a 
circle of 5*^. A natural ansatz for such a solution is 

t = KT , p = , 7 = 7o , cpi=UT , = V'a = wr , ip = cr , (4.6) 

where k, 70, i/, w = const. The equations of motion for the fields and the conformal gauge 
constraints then lead to the following relations between 70, k, v and w 

= + 1 , ^2 ^ z/2 + 2 sin^ 70 . (4.7) 

Just as in the case of the two-spin solution in AdS^ the induced metric here is flat 

ds\ = sin^ 70 {-dr^ + da'^) . (4.8) 

Taking into account that 

J = Ji = cos^ 70 , J^ = J^ = J\ ^' = \ si'^' ^0 ^ ' (4.9) 
we find the following equation for v = fi^J ,J') 

v^v'^ + 1 = + 1 + 2J'v . (4.10) 

Since the energy E in ( p. 4] ) is equal to k, we can use eq.( |4.10| ) to find the dependence of 
the energy on the R-charges J and J' 

4 1' 

E^ = y' + ^^. 8 = S{J,J'). (4.11) 

+ 1 



It is instructive to restore the A-dependence in the formulas (|4.10| ) and ( |4.11| ), i.e. to 



rewrite them in terms of the energy E, the R-charges J, J' and the auxiliary "charge" 
V = V = cos~2 7 J: 

V\/V2 + A = jVv2 + a + 2 J'V , V = ^/Xv, (4.12) 

= + = + 2A(1 - ^) , E = E{J, J') . (4.13) 

VV + A y 
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A nice feature of this representation is that if V ^ -\/A then the expression for the energy 
takes the form of a perturbative expansion in A because V can be found from (f4.12| ) as a 
series in pq^jTj- In particular, we get the following expression for the energy at the first 
order in A 

^-^ + ^^'+(7W' 

where V ~ J + 2 J' — jj^^jryi- Note that here there is no restriction on values of J and J' 
apart from the requirement that J + 2 J' ^ \/~\ . 

One may be tempted to conjecture that the formula ( [4.14| ) may be valid at small 
values of A if J + 2 J' is very large. However, (|4.14|) was obtained in the strong coupling 
A ^ 1 regime, and we expect it to receive ^ string sigma model corrections. In particular, 
even the coefficient in front of J + 2 J' may get changed by the corrections, and, if so, the 
one-loop perturbative correction to the dimension of the corresponding CFT operator dual 
to the string solution will not be of order ^jj^2j'Y order J + 2 J'. 

If J ^ J' the energy ( |4.14| ) takes the form 

J + 2J' + . (4.15) 

This expression for E is consistent with the string oscillation spectrum in the sector with 
large J ^ \/~\ I5,|l3l, i.e. with the plane- wave spectrum (similar comparison was done in 
0). From the plane- wave spectrum point of view, J' represents the angular momentum 
carried by string oscillations. Since the linear term in J is not renormalized in the BMN 
limit, one may conjecture that the same should happen here. 
If we set J = in (|4.15| ) we get 

£;2 = (2J')2 + A, i.e. E^2J' + ^. (4.16) 

Thus at large J' the correction goes as -jj, instead of a constant shift found in the case of 
the single-spin folded string rotating in 5"^ 0. 

We can also consider the case with V ^ \fX (when V ~ J) 

E'^ ^ 4VAJ' + J2 . (4.17) 

Setting J = we reproduce the usual Regge trajectory relation. 

It is interesting to note that the limit J — > depends on the value of the second 
angular momentum J' (see also the discussion of this case in sections 2 and 4.3). When 
J' = |"\/A the dependence of the energy on the angular momentum changes its form, i.e. 
the system undergoes a kind of "second order phase transition" (the second derivative of 
the energy over the orbital momentum has a discontinuity at J' = ^VX). This happens 
because for i/ = one has J'' = isin^7o, so that the value JT"' = | is found when the 
string reaches its maximal size (70 = f-), i.e. when it rotates on the maximal-size 3-sphere 
within S^. 
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4-2. Circular string rotating in both AdS^ and 5*^ 

As already discussed in section 2, it is straightforward to combine the two-spin so- 
lution in AdS^ with the three angular momenta solution in S^. For completeness, let us 
summarize the resulting solution depending on 3 different parameters in terms of the global 
coordinates of AdS^ and used in section 3 and in this section: 

p = Po , t = KT , LP = (j) = ujT , 9 = a , (4-18) 

7 = 70 , (fi =i'T , (^2 = (/'a = WT , ip = a . (4.19) 
The equations of motion and the conformal gauge constraint lead to the following relations 

^ + 1 , = i^^ + 1 , = z/^ + 2 sinh^ po + 2 sin^ 70 , (4.20) 

and the energy and the 5 conserved charges are given by the same relations as in 

(g;2|),(|3g) ^ 

^ = AccoshVo= K [1 + -(k^ - 2sin2 7o - z/2)] , (4.21) 
S = wsinhVo = J(«^ - 2sin2 7o - u"^)^ k"^ + 1 , (4.22) 

J^cos'^jqu, JT' = ^ sin^ 70 w = ^ sin^ 70 a/i/2 + 1 . (4.23) 

One can use these equations to analyse the dependence of the energy on the spins and 
S0{6) charges. In particular, when J' is very large while the string size is small, one 
reproduces the corresponding part of the oscillator plane-wave string spectrum (with spin 
S and angular momentum J'' here carried by the semiclassical string instead of being 
produced by string oscillations as in [|1|). 

4.3. Fluctuations and stability of solution with J = 0, J' 7^ 

Let us now discuss the stability of the simplest solution with = and J'' 7^ 0. 
There are two different cases that should be discussed separately. 

J' < \ case 

The solution with J' < \ is found by setting = in 
Then (see ( CT) ) 

i/ = 0, w = l, = 2 sin^ 70 < 2 , J' = ^ 8 = 4^ ■ (4.24) 



4:7),(Pp (see also (CT)). 
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As was already mentioned in section 2 (below ( p.28|) ), this solution is essentially the em- 
bedding of the flat space solution into S^. However, the fluctuation spectrum will of course 
be different from the flat space case. 

The computation of the quadratic fluctuation action is a repetition of the one done in 
the AdS^ case in section 3.2. We choose the static gauge 

t — KT , ijj — a 

and expand the Nambu-Goto action up to the second order in fluctuations. As in the case 
of point-like string orbiting in [|[, the Lagrangian for the AdS^ fluctuations will be 
represented by the 4 massive fleld contributionJii 

LAdSs = -lidaf]kf-^K-'fjl , 1,2,3,4. (4.25) 

The additional contribution of fluctuations is (cf.( |3.29| )) 

-272^10; /3 + ^i^f - 2/32 , ^2 ^ 2 - . (4.26) 

Here (pi = ■^M'^i and the flelds a and (3 are deflned as in (|3.26|) 



a = —K{(p2 cos^ a + (ps sin^ a) , (3 = -j= sin 2cr ((^2 — <^3) • (4.27) 

2v 2 

This Lagrangian is similar to the one ( |3.29| ) for fluctuations around the two-spin solution 
in AdS^. Its 7, a, (3 part can be written in the form ( |3.3U ) as follows 



L(7, a, /3) = ^(^07 + /i«)' - \{di^? + \{doa - li^f - ^{d^a + V2(5f 

+ \{do(3f - \{d,P - V2af + \il'f + \{2 - ^^^)a' - (3^ . (4.28) 

Note that the sum of squares of masses here vanishes, in agreement with the discussion of 
fluctuation Lagrangian in conformal gauge in Appendix C. 



Expanding near the /o = point in (|3.2|) one needs to introduce the 4 cartesian-type coordi- 



13 

nates, e.g., writing the AdS^ metric as ds^ = f— — dt^ -\ — 

(i-^'?^)^ (1-4-' 
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The Hamiltonian corresponding to ( 4.28 ) does not appear to be positive definite, and 
so the stabihty of the solution is a priori in question. It is shown in Appendix A that the 
solution is, in fact, stable if 



1 

- < ^ 
2 - ^ 



< 2 , i.e. 0<J'<-. 

o 



JT' > I case 

The solution with > ^ is found by setting 70 = f- Since cos 70 = 0, the value of 
I' in this case is undetermined (cf. ( ^.2| )), and the conformal gauge constraint gives (cf. 
(0),(il),(iT|)) 

k"^ = w^ + 1>2 , J' = ^w , S = K , i.e. S = y^{2J')^ + 1 . (4.29) 

The coordinates 7 and Lpi are not suitable for studying fluctuations around 7 = f (which 
is a center of the "2-sphere" part d-y^ + cos^ 7 d(^i of the metric ( |4.2|) ). Introducing 
instead the "cartesian-type" coordinates Xi,X2 as in ( |2.22| ) (which have zero values on 
the classical solution) 

Z = Xi + iX2 = COS 7 e'^P' , (4.30) 

we find that the quadratic fluctuation action (obtained in the static gauge t = kt, ip = a) 
is then given by the sum of the AdS^ part ( [4.25|) and (we ignore total derivative terms) 

L55 =-i|a„Z|2-l(K2_2)|Z|2 + L(a,/3) , (4.31) 

L{a, P) = ~{daaf - ^{da(3f - 2Kdia P - 2{k^ - 

= ^{^oa)'-^{^^a + K^3)' + ^{^oP)'-l{^,P-Kar + ^K'a'-^{3K'-4)(3\ (4.32) 
where, as in ([OeD , (^:27D , 

a = —k{cos^ a (p2+ sin^ a (^3) , (5 = — sin 2a {(p2 — (^3) • (4.33) 

The Lagrangian ( ^1.32|) is simpler than ( |4.26| ), describing a collection of 2 coupled fields with 
a constant abelian connection; however, the mass matrix is not 0(2) invariant, so after the 
rotation there will be a remaining cx-dependence in the mass matrix. Note that the sum 
of mass-squared terms for fluctuations is equal to 2(k^ — 2) — + 3k^ — 4 = 4(k^ — 2) 
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in correspondence with the results in the conformal gauge and with the canceUation of 
divergences between the bosonic and fermionic sectors (see Appendices B and C). 

The negative mass term for a in (|4.32D raises again the question about stabihty. To 



analyze the stability of this solution it is sufficient to consider only the a, /3 part ( [4.32|) of 
the Lagrangian. Following the procedure explained for the AdS^ case in Appendix A, i.e. 
expanding the fluctuations a and /3 in Fourier series in a, and then looking for solutions 
in the form e'^'^"'^, we find the following frequency spectrum 

u;2 = + 2(^2 - 1) ± - 1)2 + K^n^ . (4.34) 

It is clear that the spectrum is real if 

+ 2(^2 - 1)]2 _ 4[(k2 - 1)2 + ^2^2] _ ^2(^2 _ 4) > Q . (4.35) 

This condition does not depend on k and is not satisfied for the mode with n = ±1. A 
possible interpretation of this mode is that in the frame rotating together with the string 
where string is at rest, it describes the obvious instability of a circular string wound around 
large circle of S"^ [|| .0 

We conclude that the rotating solution with J = is not stable for any value of the 
angular momentum J' > . 

As was already mentioned in the introduction, to get a stable solution with large J' 
one needs also to switch on a non-zero (and large) value of the angular momentum J 
If one could ignore the instability, the solution with J = 0, J' > would be the 

most simple and interesting case for the study of the AdS/CFT correspondence in a novel 
sector of states. One could try to compute the 1-loop string sigma model correction to 
the classical energy in ( |4.29D by starting with the sum of the bosonic fluctuation action 



( [1.32|) (assuming one could formally omit the unstable mode absent at large J) and the 
fermionic action derived in Appendix B. This will be discussed (for the general stable case 
of J, J' 7^ 0) in . To estimate this correction at large values of J'' one may note that for 



The stability is obvious for the e™"^ fluctuation modes with n > 2. Indeed, ( 4.32 ) can 
be written as L(a,/3) = ^{doaf - ^{dia + 2K(3f + \{dol3f - \{dil3f + 2/?^ and thus the 
corresponding Hamiltonian is non-negative for the modes with n > 2. Let us note also that the 
problem of analysing the small fluctuation spectrum of this theory is similar to the one of solving 
string theory in "non-diagonal" (metric and 2-form field) plane- wave background (cf. [p^). 

Such unstable mode would be absent in the /Z2 case. 
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large k all non-zero masses of the 2-d fields are equal to k, and thus (see 0]) the 1-loop 
correction to the energy should be expected to scale as 

That seems to suggest the following interpolation formula for the energy (cf. ( [4.16|) ) 

E = 2h{X)J' + f{X)^ , J'»l, (4.37) 



MA)^ = 1 + + ... , /(A)^ = 1 + + ... . (4.38) 

In spite of the absence of 2-d supersymmetry in the corresponding quadratic part of GS 
action, it may actually happen that the coefficients ai and bi vanish, i.e. the first two 
terms in the energy are not renormalized at the leading order in expansion. That 
would support the conjecture, prompted by the appearance of the first power of A in the 
calssical expression for E, that E = 2 J' + jjj -(-... is actually true also at weak coupling, i.e. 
is the exact result for the first two terms in the anomalous dimension of the corresponding 
dual gauge theory operator. We shall discuss this conjecture further in the next section. 



5. Towards testing AdS/CFT duality in non-supersymmetric multi-spin sectors 

Let us now discuss the gauge-theory operators that should correspond to the string 
states represented by the classical solutions found above. The eventual aim is to try to com- 
pare their anomalous dimensions as functions of spins and R-charges to the semiclassical 
expressions for the energies found above. 

5.1. AdS^ rotation case 

The semiclassical closed string states found in global coordinates in AdS^ x should 
be dual to SYM states on Rx . Going through the usual argument of Euclidean continu- 
ation and conformal mapping to (cf. |]T^) they should correspond to local operators in 
Euclidean 4-d space. One can then rotate back to Minkowski space, but here we prefer not 
to do that. The 5*0(4) isometry of in AdS^ is then becoming the "Lorentz" symmetry 
of R^. Thus the Euclidean gauge theory operators will be classified by its representations, 
i.e. win be labelled by the values (5i, ^2) of the two 50(4) = SU{2) x SU{2) spins. In 
addition, they will carry also the three quantum numbers of 50(6) R-symmetry group. 
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Let us first recall the form of the gauge theory operators that are expected to be dual 
to the single-spin string state in AdS^ 0. If $m {M = 1,...,6) are the adjoint scalars 
of = 4 SYM theory and Df^ is the covariant derivative, a representative operator with 
canonical dimension Aq = 5" + 2 is the standard gauge-invariant minimal twist operator 
= tr ($M-D{^^ ...-D^c,}$m) , where {fj.i...fj.s} denotes symmetrization and sub- 
traction of traces. This operator will in general mix with similar operators obtained by 
replacing the scalars $m by the gauge field strength F^^^ or by the fermions so to find 
its perturbative anomalous dimension one would need to diagonalise the corresponding 
anomalous dimension matrix (see, e.g., |[T^ , |T7| , p!8[] and references there) .0 The equivalent 



form of the above operator is 

Os =tr($Ml?Mi-^A*s*M) n^'...n^' = tr [^M{n^D^f ^m] , (5.1) 

where the multiplication by the product of constant null vector {n^n^ = 0) factors 
implements the symmetrization and subtraction of traces. In Minkowski R^'^ theory one 
may choose n^^ = (1,0,0,1), getting Os = tr ($m(-D+)'^$m) , -D+ = -Do + D^. In the 
Euclidean version which we use here one is to choose to be complex, e.g., = {1, i, 0, 0), 
getting 

Os = tr [^M{Dxf<^M] , Dx = Di + iD2 . (5.2) 

It is now clear how to generalize this discussion to the case of operators carrying two spins 
of SO{A)\ a representative operator will be 

Os,,s, = tr [^M{Dxf'{DY)''^^M] , (5.3) 

Dx = Di+ iD2 , Dy = Ds+iD4 , Ao = Si + S2 + 2 . (5.4) 

Since the covariant derivatives Dx and Dy do not commute, this operator will be mixing, 
in particular, with various other operators containing permutations of Si derivatives Dx 
and iS'2 derivatives Dy and having the same canonical dimension, e.g., 

tr [^M{Dxf'{Dyr\..{Dxf'{Dyr^^M] , = ^1 , ^ m, = ^2 . (5.5) 

i i 

The eigenvector of anomalous dimension matrix is expected to be a particular combina- 
tion of such operators (in addition to others involving gauge field strength and fermions). 
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Two-loop anomalous dimensions for some higher spin currents were found in [19|. 
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An irreducible representation of the rotation group is represented by a particular Young 
tableau with two rows with Si and 5*2 as numbers of boxes, i.e. should contain additional 
antisymmetrizations of Dx and Dy factors in (|5.3| ).E1 

The equivalent "covariant" form of (|5.3| ) is found by introducing two independent null 
vectors and m'^ and generalising ( |5.1| ) as follows 

Os„s, = tr{<5MD^,...D^,^D,,...D,,^^M) n^' ...n^''rn''\..m''^^ , n'^n^ = , m^m^ = 

(5.6) 

This operator can be readily extended to the Minkowski version of the theory by choosing, 
e.g., n'^ = (1, 0, 0, 1) and = (0, 1, z, 0) with t]^^ = (-1, 1, 1, 1). 



As is well known |T^, for 5"! = 5 ^ 1, 82 = (or vice versa) the perturbative 
anomalous dimension of such operators scales as In S, which is the same as the scaling of 
the energy of the single-spin rotating string solution in AdS^] this strongly supports the 
existence of an interpolation formula A = S" + /(A) InS" between the weak coupling and 
the strong coupling regions p|J|]. 

To compare with the string solution found in the present paper where Si = S2 = S 
1 one needs to know the perturbative (one-loop) anomalous dimension of the operators 
like 

Os,s = tr [^MiDxfiDyf^M] + ... . (5.7) 

where dots stand for appropriate permutations of Dx and Dy- We are not aware of 
computations of anomalous dimension of such operators in the literature, and here can 
only speculate about possible interpolation formula for A{S) in this case (see also section 
3.2). Assuming one can trust the expression ( p.21|) for the energy for large S = (in 
spite of instability of the solution for large S) one would expect to find the order S^^^ 
correction in the anomalous dimension replacing the familiar In S correction for the single- 
spin operators ( |5.2|) . However, it seems hard to imagine how such fractional-power term 
could appear in the 1-loop SYM computation for the anomalous dimension of (^). We 



suspect that the interpolation formula ( ^.34| ),( P755| ) may be a more plausible alternative, 
implying that at large S but small A (with XS ^ 1) one should expect to find the anomalous 
dimension of ( p.7|) going as 

A = 2k{X)S + ... , fc(A) = 1 + aiA + a2A2 + ... . (5.8) 

It would be very interesting to check this by direct perturbative computations on the gauge 
theory side. 



Due to these antisymmetrizations the resulting operators may not be superconformal primary 
operators. 
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5.2. rotation case 

The construction of operators tliat carry several iS'0(6) "spins" and thus should be 
dual to the string states represented by the solutions in section 4 describing closed strings 
rotating in is somewhat similar. Let us introduce the notation for the three complex 
scalars of iV = 4 SYM theory (cf. (lOTD ) 

^Z = ^l+i^2, $x=$3 + ^$4, $y = $5 + Z$6- (5.9) 

Among the operators with the minimal canonical dimension for given {Ji, J2, J3) values 
of SO{6) charges there are operators with holomorphic dependence of the three complex 
scalars: 

OjM, = tr[{<^ zyH'^xVH'^Yy'] + ... , Ao = Ji + J2 + J3 , (5.10) 

where dots stand for permutations of ^x,^y,^z factors needed to form an irreducible 
representation of 5*0(6) that is expected to be an eigenvector of the anomalous dimension 
matrix. The 1-loop anomalous dimension matrix for generic scalar operators of the form 

Cmi....m, = tr($Mi....$M,) (5.11) 

was computed in 1^,0. Taking its symmetric traceless part (i.e. multiplying ( |5.11| ) by a 
null vector, e.g., = (1, i, 0, 0, 0, 0)) one finds a chiral primary operator whose dimension 
is protected. This case is equivalent to ( |5.1UD with Ji = J and J2 = J3 = 0, i.e. Oj^o,o = 
tr($^)'^, which is dual to the ground state of the string theory expanded near the point-like 
string orbiting in 

The operator that should be dual to the string solution with Ji = J, J2 = J3 = J' 
found above should then be 

oj,j>,j' = tv[{^zy{^xy'{^Yy'] + ... , ao = j+2j'. (5.12) 

This operator belongs to the irreducible representation of SU (4) with Young tableau labels 
[J, J', J') or with Dynkin labels [0, J - J',2J'] (see Appendix D)lli if J > J', and to 

We are considering only single-trace operators as seems appropriate for the elementary string 
state - gauge theory operator correspondence in the large N limit. Note that there exist also multi- 
trace operators which may carry the same quantum numbers and may be 1/4 or 1/8 BPS (see, 
e.g., and refs. there). 

We are grateful to M. Staudacher and N. Beisert for correcting a mistake in this identification 
in the original version of this paper. 
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the representation {J' , J' , J) = [J' — J, 0, J' + J] if J' > J, and does not seem to be 
a superconformal primary operator. For example, it is known that the operator with 
J = 0, J' = 2 is a superconformal descendant of the Konishi operator = tr ($m^m)- 
In the near-BPS limit J ^ J' the operators of the form ( |5.12| ) are examples of the BMN 
operators [Q with a small number of impurities, and one can, in principle, make detailed 
comparison between semiclassical predictions ( ^.151 ) and the perturbative results of 



and If J' is comparable to or much larger than J, we are very far from the BPS 

operator tr($^)'^, and the conformal dimensions of the operators cannot be computed 
from the plane-wave string spectrum. 

The semiclassical results obtained in section 4 are the only source of nonperturbative 
predictions for the dimensions of these operators. Let us stress again that among a large 
number of operators in these representations only the one with the lowest conformal di- 
mension should be dual to the string solution we found. It is also interesting to point out 
that one and the same formula ( ^.15| ) should be giving the conformal dimensions of the 
operators from the two different ([0, J — J', 2 J'] or [J' — J, 0, J' + J]) representations. This 
should be true not only in the large A limit but also in the weak-coupling perturbation 
theory. 

As discussed in section 4.3, the simplest novel case for a non-trivial check of the 
AdS/CFT duality in a non-supersymmetric sector is when the circular string orbiting in 
S has maximal size, i.e. has J = 0, J' > . The exact expression for its classical 

energy given m (^),(|T|) is E= \/{2J'Y + A. Provided the instability of this solution 
could be ignored (e.g., by embedding it into a class of stable solutions with J 7^ 0) for 
large J' = -^j- the expression for the energy E{J') gives the following prediction for the 
strong-coupling behaviour of the anomalous dimension of the corresponding operator 

Oo,j',j'=tr[{^xy\^Yy'] + ... , (5.13) 

A = 2 J' + + ... , J' > > 1 . (5.14) 

As was already discussed in section 4.3, our conjecture is that this expression is actually 
valid also at weak coupling, i.e. the first two terms in A are not renormalized. 

One can check this against the results of applied to the operators transforming 



in the [J', 0, J'] representation for J' = 4 and J' = 5. At J' = 4 one finds that the lowest 
anomalous dimension of the operators in [4, 0, 4] is 7 = 0.0411 A while eg. ( [5.14]) predicts the 
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anomalous dimension to be 7 = 0.0625A, i.e. the deviation is about 34%.il However, at 
J' = 5 one gets the lowest anomalous dimension to he g = 0.042 A while eq.( |5.14| ) predicts 
7 = 0.05A, i.e. the deviation in this case is just 16%. It would be useful to compute one- 
loop anomalous dimensions of the [J',0, J'] operators for J' = 6 to see if the agreement 
with eq.( |5.14| ) is really getting better at large J'. 

Since it is sufficient to consider the operators with holomorphic dependence on the 
fields $x and $y, the Hamiltonian of the integrable 5*0 (6) spin chain considered in |p.0|| 



reduces to the Hamiltonian of the simplest XXX1/2 spin model ||2^. It would be very 
interesting to find the corresponding one-loop anomalous dimension and the explicit form 
of the associated operator ( p.l3| ) in the large J' limit by utilizing this connection to the 
XXXi/2 model. 



6. Concluding remarks 

There are various generalizations of the AdS^ and solutions we have found. For 
example, the special solution considered in section 4.3 with maximal size of the string 
(70 = ^) is also a solution of string theory on Rt x S^: 

ds^ = —dt^ -\- dij)'^ -\- cos^ tp d(p2 + sin^ ijj dLp\ , 

t = KT , ijj = a , = V's = wr , = w^ + 1 . (6.1) 

It is plausible, therefore, that it can be embedded into various other spaces containing 
factors, in particular into AdS^ x T^'^ space related via AdS/CFT to an = 2 supercon- 
formal theory |2^ . 



Similarly, analogs of AdS^ two-spin solution of section 3 exist for a more general class 
of 5-d (or higher-dimensional) metrics with SO{4) isometry, e.g., ds'^ = —g{p)dt^ -f dp^ -|- 
h{p)dQ3. As in the AdS^ case, the two equal rotations in allow one to stabilize a 
circular string at a fixed value of p = po (stability under small fiuctuations will depend 
on the explicit form of g{p) and h{p) and on the value of the spin). In particular, such 
solution will exist for an AdS black hole metric.^ 



Diagonalizing the matrix of anomalous dimensions from |^,10| one finds also an operator 
with much closer value 7 « 0.0619A, but comparison with the results of shows that it belongs to 
[2,4,2] representation. We are grateful to G. Arutyunov and J. Minahan for explanations related 
to this point. 

Single-spin solutions in this and similar "non-conformal" cases were discussed in [@J23]. 
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There are several directions in which the present work needs to be completed or 
extended. In § we shall study the solution with J 7^ 0, J' 7^ in detail, identifying the 
range of its stability, and computing the 1-loop superstring sigma model correction to the 
classical energy. One should then be able to compare the string results (e.g., for J ~ J') 
to the perturbative results for anomalous dimensions of the corresponding gauge theory 
operators. It would be very interesting also to compute the leading-order perturbative 
contributions to the anomalous dimensions of the operators discussed in section 5. This 
applies, in particular, to the operator ( |5.13| ) whose dimension should be possible to find 



using the integrable-model connection suggested in [10|. 
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Appendix A. Stability analysis 

Here we analyze the stability of the AdS^ and two-spin solutions discussed above 
under small perturbations. 

A.l. Stability of the two-spin AdS^ solution 

The equations of motion for fluctuations that follow from ( |3.29| ) are 



a 



p-p"- 2(2 -f n^)~p - 2^2{l + K2)d = , (A.l) 

- a" - 2\/2 + + 2^2(1 + k'^Yp = , (A.2) 
P-13" + 4(1 + K^)I3 + 2^2 + K'^a = . (A.3) 



To solve the system ( [A.l| )-( |Ar3D of linear differential equations we expand the fluctuations 
in Fourier series in a 

P = Y. Pn(r)e^"<^ , a = Y, «n(r)e^"'^ , /3 = /3n(r)e^'^'^ . (A.4) 
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Then we get the following system of equations for the n-th modes of the fluctuations 



Pn + n'pn - 2(2 + K')pn - 2d„ V2(l + k2) = , (A.5) 



+ n^an + 2p^V2(1 + k2) _ 2in(3r,^2 + K^ = , (A.6) 



0n + n^Pn + 4(1 + K^)pn + 2ma„ ^2 + ^2 = . (A.7) 
We start the analysis of the system ( |A.5[ )-( |A77| ) by looking for solutions of the form 

p.(r) = C^e^-"^ a.(r) = C^e^-"^ (3^ir) = C^e''^-^ . (A.8) 

The stability of the two-spin string solution requires the frequencies Un to be real. Substi- 
tuting (Q) into ([0D,(|A:^),(|A:7|) we get 



[n' - 2(2 + k') - uj'JCP - 2iu^^2{\ + k^)C^ = , (A.9) 



I 2 2 



-f 2iw„ ^2(1 + k2)C^ - 2in^2 + A^2cf = , (A.IO) 

+ 4(1 + K^) - ujI]C^ + 2inV2 + k'^C^ = . (A.ll) 

This is a system of linear equations for the coefficients C^, C", which can be written 
in the form AijC^ = 0; it has nontrivial solutions only for such values of Un for which the 
determinant of the matrix Aij vanishes. This gives the equation for t<;„: 



fn{z) = , Z = UJ. 



n ' 



fr,{z) = z^-{8 + 10K,'^+3n'^)z'^ + {16+40K'^ + 24:K,^+8K'^n'^ + 3n^)z-n'^{n'^-4:){n'^-4:-2K'^) . 

(A.12) 

We need to find the values of k such that all roots of this cubic equation are positive. It 
is not difficult to show that the two extrema Z- and z+ {z- < z+) of fn{z) are positive, 
and fn{z-) > and fn{z+) < 0. Therefore, all roots are positive if 

/„(0) = -n2(n2 - 4)(n2 - 4 - 2k^) < . (A.13) 

We see that /o(0) = /2(0) = 0, /i(0) < and /3(0) = -45(5 - 2^2). Prom the expression 
for /3(0) we conclude that the solution is stable only if 

< - . (A.14) 
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We also see that for n = and n = 2 the determinant of the matrix Aij in ( |A.12 ) vanishes 



at ujn = 0. That means that for these modes there is a solution of the form 

p^(r) = C'^ + C^ a^{T) = Cy + CZ . f5^{T) = C^^r + C^^ . (A.15) 



Substituting ( [A.15| ) into the equations of motion ( |A.5| ), ( |A.6| ) and ( [A.7| ), one can easily 
find the corresponding solutions for n = and n = 2 

Pair) = CI , ao(r) = --^^£=C^ r + , (3o{r) = , (A.16) 

P2(r) = C^ «2(r) = - .f^ C^r + C^ , ^r) = -^J==a2ir) . (A.17) 

a/2(1 + k^) v2 + k,^ 



Since the fluctuation p corresponding to (|A.16|) , (|A.17| ) does not depend on r, such solutions 



do not lead to instability of the two-spin string solution. In fact, both solutions (|A.16| ) 
and ( |A.17|) have simple interpretation. The n = solution reflects the fact that the radius 
po (or k) of the two-spin string solution (|3.12| )-( |3.16|) is a free parameter. This parameter 
can be changed, and this leads to the existence of the zero mode in the spectrum of 
fluctuations. The n = 2 solution appears because the two-spin string solution was found 
only for equal frequencies. We expect that the general solution will depend on the two 
independent frequencies, and, therefore, on the two parameters; the existence of the zero 
mode fluctuation with tt. = 2 is related to this (cf. ( |3.26|) ). 

A. 2. Stability of the two-spin solution 

The analysis of stability in the 5'^ case follows closely the procedure explained above 
in the AdS^ case. Here we shall consider explicitly only the case of the solution with J = 
and J^' < ^ discussed in section 4.3. The equations of motion for fluctuations that follow 
from (f4.26| ) are 

^ -2p^j + 2pa = , (A.18) 

a - a" - 2V213' - 2/i4 = , (A.19) 

i3-(3" + 4(3 + 2V2a' = . (A.20) 

Expanding the fluctuations 7, a and (3 in Fourier series in cr, and then looking for solutions 
in the form e*'^"^, we find the following equation for the frequency spectrum (//^ = 2 — k^) 



fn{z) = , Z = U). 



2 
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fr,{z) = z^ -{4 + 2ij^ + 3n^)z^ + (S^u^ + 3n^)z - n^{n^ - 4)(n2 - 2/^'^) . (A.21) 



Just as in the AdS^ case, the two extrema Z- < z+ of fn{z) are positive, with fn{z-) > 
and fn{z^) < 0. Therefore, aU roots are positive if 

/^(O) = -^^(n^ - 4)(n2 - 2/^2) < . (A.22) 

Since fi^ < 2, the solution is stable only if /i(0) = 3(1 — 2/i^) < 0, i.e. if 

1 9 

- < < 2 . 

2 - P - 



Appendix B. Quadratic fermionic part of the superstring action 

The quadratic part of the AdS^ x Green-Schwarz superstring action expanded 
near a particular bosonic string solution can be found as described, e.g., in [^,0 and 
used in a similar context in [Q. Assuming the induced metric is flat, the relevant part of 
the fermionic action is 

Lj, = i{r^-H'J - e''''s'J)e'QMJ , = Tac^ , = E^d^X^ , (B.l) 

where I,J = 1,2, s^"^ =diag(l,-l), and Qa are projections of the 10-d Dirac matrices. 
Here are the string coordinates (given functions of r and a for a particular classical 
solution) corresponding to the AdS^ (M = 0,1,2,3,4) and (M = 5,6,7,8,9) factors. 
The covariant derivative Da can be put into the following form 

DJ' = {S"Da-'-e'''r,ga)e\ = ^roi234 , rl = l, (B.2) 



where 



Da = da + \u;^''rAB , = daX'^u^'' , (B.3) 



and the "mass term" originates from the R-R 5-form coupling 25 
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B.l. AdS^ case 

In the case of the AdS^ two-spin solution ( [4.18| ) the 2-d projections of F-matrices that 
enter the fermionic action are (the indices A — 0,1,2,3,4 here will label the t, p,6,(f),(f 
directions in the tangent space): 

= Kcoshpo To + a; sinh pof 4 , Qi = sinhpo ^2 , Q{aQb) = sinh^ po Vab , (B.4) 

Fa = coscr Fs — sin a r4 , r4 = cos a r4 + sin cr Ts . (B.5) 

The projected Lorentz connection uj^^ = daX^uf^^ has the following components 

a;o^ = K sinh po , a;o^ = u cosh po sin a , lOq^ = uj cosh po cos a , 

uJq = —uj cos a, Uq = u; sin ct, =coshpo- (B-6) 

Then 

Do = c^o + ^(/«sinhporo+wcoshpof4)ri + ^a;r2f3 , Di = c)i - ^ cosh po rir2 . (B.7) 

After the a-dependent rotation of 9^ in the 34-plane, 6^ ^ '^^ = S~^9^ , S = exp(icrr3r4), 
we find r3^4 Ts^^ in ( |B.4| ) and ( |B.7p , at the expense of getting an additional constant 
r3r4 term in Di. This eliminates the cr-dependence from the fermionic action. Note that 
r^, is invariant under this rotation. 

To interpret the resulting fermionic action as a collection of massive 2-d fermions 
with standard kinetic terms it is useful to make as in a further "rotation" (Lorentz 
boost) in the 04-plane, with S = exp(iaror4), where cosh a = Kcoshpo. Then we get 
Qa = sinhpo Ta, Ta = (ro,r2), ^aU) = Vab- There is the corresponding change in 
while remains invariant. Fixing the kappa-symmetry gauge by = ^'^ and rescaling 
the fermions by sinh po we can interpret the resulting action 

Lf = 2i{^T'''Da^ + i^M<i>) , (B.8) 
M = ^ sinhpo e^^TaV^n = im^ri34 , = sinhpo = -^k (B.9) 

as describing a collection of 2-d massive Majorana fermions on a fiat 2-d background cou- 
pled to a constant non-abelian 2-d gauge field (represented by constant Lorentz connection 
uj^^ terms). Indeed, in the representation for Ta where Tq and r2 are 2-d Dirac matrices 
times a unit 8x8 matrix we get as in Q 4+4 species of 2-d Majorana fermions with masses 

We will not go into a detailed analysis of this action here and just mention that, as 
expected on the general grounds of conformal invariance of the AdS^ x string action EH] , 
the fermionic contribution to the divergent part of the 1-loop effective action (which is pro- 

2 

portional to the sum of mass-squared terms, i.e. 8 x ■^) cancels the logarithmic divergence 
coming from the bosonic fiuctuation action ( 3.3U[ ) (connection terms in both the bosonic 
and fermionic actions do not contribute to logarithmic divergences in 2 dimensions). 
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B.2. case 

In the case of the solution ( [4.6| ) we shaU label the tangent space coordinates by 
A = 0, 5, 6, 7, 8, 9 corresponding to the t direction of AdS^ and 7, ipi, ip, ip2, directions 
ofS^. Then 

^0 = Kro + z^cos7o r6 + wsin7o fs , ^1 = sin7o , g^aQb) = sin^ 7o Vab , (B. 10) 

Fg = cos cr Fg + sin cr Fg , Fg = cos a Fg — sin a Fg . (B.ll) 

The projected Lorentz connection has the following non-zero components 

ti^o = — z^sin7o , uJq =wcos7o coso" , oOq =wcos7o sin a , 

Uq"^ = — w sin cr , Uq"^ = wcoscr , = cos 70 . (B.12) 

As above, we first do local Lorentz rotation in the 89-plane to eliminate the cr-dependence; 
as a result, Fg^g Fg g. Then (for generic i' and 70) we need to do two rotations ~ in the 68 
and 06 planes - to put qq into the form qq = sin 70 Fq. After the rotation in the 68-plane 
(under which F* in (p.2|) is invariant) we get go = ^Fo + aFe, = z/^ cos^ 7o+w^ sin^ 70 = 
u"^ + sin^ 7o. Under the boost in the 06-plane S = exp(i/3FoF6), where cosh /3 = ^.^^^ , the 
expression for F^ becomes 

r; = ^-^F,^ = i(cosh/3 Fo - sinh/3 F6)Fi234 • (B.13) 

Then fixing the kappa-symmetry gauge by = and rescaling the fermions by sin 70 
we finish with the same action as in (|B.8|) with = (Fq, F7) and 

M = ^ sin7o e^VaF'^Tb = ^m^Fo7Fi2346 , = sin 70 sinh/3 = a/k2 + 1,2 _ (B.14) 

The contribution to the divergences is then proportional to 8 x ^(k^ + z/^) = + 4z^^ 
which is indeed the same as coming from the bosonic sector (see also Appendix C). 

The same result is found also in the special cases discussed in section 4.3. When z/ = 
(see ( [4.24] )) we have qq = kFq + sin 70 Fg, ^1 = sin 70 F7 , sin 70 = Here we need a 
boost in 08-plane with parameter cosh j3 = to get Qa = sin 70 r^. Then is the same 
as in (|BT4]) . When 70 = f, w^ = - 1 (see (|]29D)ii we get go = kTo + wfg, gi = F7 
and thus the required 08-boost parameter has cosh (3 = k. That gives 



TT 



7o = - : M = im^Fo7Fi2348 , = sinh/3 = \^ k,^ - 1 . (B.15) 

Note that the fermionic and bosonic masses are different, refiecting the absence of the 2-d 
supersymmetry. The fermionic contribution to the logarithmic divergence is proportional 
to 8 X [k^ — 1) = 4k^ -|- 4(k^ — 2) which indeed cancels the contribution from the bosonic 
fiuctuations: 4 massive AdS^ fields ( [4.25| ) and 4 massive fields in ( [4.31|) . 
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Note that for cos 70 = the connection ([B.12|) simplifies substantially. 
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Appendix C. Bosonic fluctuation action in conformal gauge 

In discussing fluctuation actions in the main part of the paper we used the static 
gauge. Let us note for completeness that similar conclusions can be reached also if one 
uses the conformal gauge (see, e.g., [jl2|,|]). Let us recall that the general form of the 
quadratic fluctuation action for a sigma model in the conformal gauge written in terms of 



IS 



tangent-space fluctuations {X^ ^ + C , C = ^m(^)C 

I^B ^ = -\j d'^ {V^g'^'D^C^D.C'' VAB + Mabz^z^) , (C.l) 

Mab = -^g'^^'e^e^RACBD , = daX^ E^X) , Qab = e^efrjAB , (C.2) 

where DaC^ = daC^ + {X)(^^ with the same projected Lorentz connection as in ( |B.3| ). 
For the AdS^ part the curvature is Racbd = —VabVcd + VadVcb while for the 5'^ part 
it has the opposite sign, Racbd = Sab^cd — ^ad^cb- If the induced metric is flat (as 
in all examples discussed in the present paper), the divergent part of the 1-loop action is 
determined simply by the trace of Mab and should be the same as found in the static 
gauge, cf. g. 

Let list the expression for the mass matrix in ( |C2| ) for the solutions discussed above 
(the expressions for the corresponding connections can be found in Appendix B). In the 
AdS^ case ( [4.18|) one gets: 

eo = KCOshpo5 e^ = sinhpo5 eo = wsinhpo coscr, 

el=uj sinh po sin a , Qab = sinh^ po Vab , 

so that vabM"^^ = Mlas^, 

MldS, = V^ef e,Pr/cD = 4(^2 cosh^ po + sinh^ po - oj^ sinh^ po) = ^t^^ ■ (C.3) 

This gives the same contribution to divergences as coming from the fermions (cf. ( p.9|) ). 
For the solution (|4.6| ) one has both the AdS^ and fluctuations, and 

e° = At, e^ = i^cos7o, = sin7o, 

eg = w sin 70 cos cr, Cq = w sin 70 sin a , Qab ^ sin^ 70 'qab , 

so that here 

VabM^^ = Ml-^s, + Ml , Ml-^s, = ^rT^e^e^r^CD = , (C.4) 

Ml = -4r]«''ef e,^<5cD = -4(sin2 70 - cos^ 70 - w^ sin^ 70) = . (C.5) 

This is in agreement with the static gauge result (|4.26|) for = and is the same as the 
divergent contribution coming from the fermionic sector with mass matrix (|B.14|) . 
In the special case 70 = f, w^ = — 1 we get instead 

Ml = 4(^2 - 2) , (C.6) 

which is also in agreement with the static gauge result ( [4.31|) and again cancels the diver- 
gences coming from the fermionic sector ( f4.31|) . 
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Appendix D. Dynkin labels and Young tableau labels of SU{4) irreps 

In this Appendix we recall (see, e.g., [^) how the Dynkin labels of representations 
of the algebra so(6) or, equivalently, of su{4), are expressed in terms of the Young labels 
(numbers of boxes in raws of a Young tableau). Recall that the generators Ji = J12, J2 = 
■^34 5 J3 = J56 form a basis of Cartan generators of so{6). The simple roots can be chosen 
as 

= ei -62 = {1, -1, 0} , a^^'^ = 62 -63 = {0, 1, -1} , af'^ = 62 + 63 = {0, 1, 1} . 

(D.l) 

Since a2°^^^ ■ al°^^^ = a^"^^^ ■ ctg"*'^^ = — 1 and (aa°*'^'')^ = 2 the root system is equivalent 
to the 5^(4) root system with the following identification of the simple roots 

^sn(4) ^ ^so(6) ^ ^sui4) ^ ^so(6) ^ ^..(4) ^ ^so(6) ^ p 

i.e. the two algebras are isomorphic. 

An irreducible representation of su{4) can be labelled by the eigenvalues of the Cartan 
generators Ji on the highest weight vector: 

Ji\3i,j2,h) = ji\jij2,h) , ii > 32 > is > , (D.3) 

where ji is the number of boxes in the z-th row of the Young tableau associated with the 
representation which can then be denoted as [ji, j2, js)- The same representation can be 
also labeled by the Dynkin labels da that are related to the Young labels ji as follows: 

3 

j = ^daXa , j = {jl,j2,j3} , (D-4) 
a=l 

where Xa are the fundamental weights defined by 

2 — = Xa- o:b = dab ■ (D-5) 

By using ( p.l| ) and ( p.2| ), we can easily solve (|D.5| ) to get 

Ai = {^,^,-^}, A2 = {1,0,0}, A3 = {^,^,^}. (D.6) 
Then from ( PTi] ) and (^ we find 

ji = lidi + 2d2 + ds) , j2 = ^{di+ds), js = ^{-di + ds) . (D.7) 
Solving the system, we get the relation between the Dynkin labels and the Young labels 

di = j2 - js , d2 = ji - j2 , ds = j2 + js ■ (D-8) 

The Dynkin labels have to be non-negative. The representation associated with the Dynkin 
labels di is denoted as [di, d2, ds]. 

Coming back to the string solution ( |2.23| ), we see that if J > J' then the representation 
is {J,J',J') or [0,J-J',2J']. If J' > J the representation is [J' , J' , J) or [J' - J,0, J' + J]. 
Note that in the last case we also have to rearrange the Cartan generators in such an order 
that ji > j2 > is > 0. 
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